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11 q, t-Catalan numbers and knot homology
E. Gorsky
Abstract. We propose an algebraic model of the conjectural triply graded
homology of S. Gukov, N. Dunfield and J. Rasmussen for some torus knots.
It turns out to be related to the q,t-Catalan numbers of A. Garsia and M.
Haiman.
1. Introduction
In [7] A. Garsia and M. Haiman constructed a series of bivariate polynomials
Cn(q, t). In [14] M. Haiman proved that these polynomials have non-negative
integer coefficients, and they generalize two known one-parametric deformations of
the Catalan numbers, in particular, the value Cn(1, 1) equals to the n-th Catalan
number. One of deformations can be expressed in terms of q-binomial coefficients,
while the second one counts Dyck paths weighted by the area above them. M.
Haiman also related these invariants to the geometry of the Hilbert scheme of
points on C2.
LetHilbn(C2) denote the Hilbert scheme of n points on C2, and letHilbn(C2, 0)
parametrize 0-dimensional subschemes of length n supported at the origin. Let V
be the tautological n-dimensional bundle over Hilbn(C2).
Theorem 1.1. ([14], Theorem 2) Consider the natural torus action on C2 and
extend it to Hilbert schemes. Then
Cn(q1, q2) = χ
T (Hilbn(C2, 0),ΛnV ),
where q1 and q2 are equivariant parameters corresponding to the torus action.
We construct a sequence of the bigraded subspaces in the space of symmetric
polynomials such that their Hilbert functions coincide with Cn(t, q) for n ≤ 4.
Let Λ denote the ring of symmetric polynomials in the infinite number of vari-
ables. Let ek denote the elementary symmetric polynomials and hk denote the
complete symmetric polynomials. One can equip Λ with the pair of gradings - one
of them is the usual (homogeneous) degree, and the second one is the degree of a
symmetric polynomial as a polynomial in variables ek. In other words,
S(eα1 . . . eαr) = α1 + . . .+ αr, b(eα1 . . . eαr) = r.
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We also define the sequence of spaces Λ(n, r) ⊂ Λ which are generated by the
monomials with b-grading less than or equal to r and S-grading equal to n.
Definition 1.2. Let Ln ⊂ Λ be the subspace generated by all monomials hα1hα2 . . . hαn
such that αk ≤ k for all k.
Theorem 1.3. For n ≤ 4, the bivariate Hilbert function of Ln equals to
(1.1)
∞∑
m,r=0
qntr dim[(Ln ∩ Λ(m, r))/(Ln ∩ Λ(m, r − 1))] = q
n(n−1)/2Cn(q
−1, t).
The construction of the spaces Ln is expected to be related to some construc-
tions in knot theory.
Definition 1.4. ([6]) The HOMFLY polynomial P is defined by the following skein
relation:
aP
〈 ??__ 〉
− a−1P
〈 ??__ 〉
= (q − q−1)P
〈 ??__ 〉
,
the multiplication property P (K1 ⊔K2) = P (K1)P (K2) and its non-vanishing at
the unknot. One can check that P (unknot) = (a−a−1)/(q− q−1), and we will also
use the reduced HOMFLY polynomial P
P (K)(a, q) = P (K)(a, q)/P (unknot).
The HOMFLY polynomial unifies the quantum sl(N) polynomial invariants of
K
PN (K)(q) = P (K)(a = q
N , q).
The original Jones polynomial J(K) equals to P 2(K). The HOMFLY polynomial
encodes the Alexander polynomial as well: ∆(q) = P (K)(a = 1, q).
The structure of the HOMFLY polynomial for torus knots was described by V.
Jones in [16]. In particular, this result gives the answers for the Alexander, Jones
and sl(N) polynomials for all torus knots.
More recently, several knot homology theories had been developed: P. Ozsva´th
and Z. Szabo´ constructed ([23]) the Heegard-Floer knot homology theory categori-
fying the Alexander polynomial by the methods of the symplectic topology. For
all algebraic (and hence torus) knots they managed ([26], see also [15]) to calcu-
late explicitly the Heegard-Floer homology. It can be reconstructed by a certain
combinatorial procedure from the Alexander polynomial.
M. Khovanov ([17]) constructed a homology theory categorifying the Jones
polynomial. Later Khovanov and Rozansky gave a unified construction ([19]) of
the homology theories categorifying sl(N) Jones polynomials, and also another
homology theory ([20]) categorifying the HOMFLY polynomial.
Although the complexes in the homology theories of Khovanov and Rozansky
are defined combinatorially in terms of the knot diagrams, the explicit Poincare´
polynomials for the corresponding homology groups of torus knots are known only
in some particular cases.
To get all these theories together, Dunfield, Gukov and Rasmussen conjectured
([4]) that all these theories are parts, or specializations of a unified picture. Namely,
for a given knot K they conjectured the existence of a triply-graded knot homology
theory Hi,j,k(K) with the following properties:
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• Euler characteristic. Consider the Poincare´ polynomial
P(K)(a, q, t) =
∑
aiqjtk dimHi,j,k.
Its value at t = −1 equals to the value of the reduced HOMFLY polyno-
mial of the knot K:
P(K)(a, q,−1) = P (K)(a, q).
• Differentials. There exist a set of anti-commuting differentials dj for
j ∈ Z acting in H∗(K). For N > 0, dN has triple degree (−2, 2N,−1), d0
has degree (−2, 0,−3) and for N < 0 dN has degree (−2, 2N,−1 + 2N)
• Symmetry. There exists a natural involution φ such that
φdN = d−Nφ
for all N ∈ Z.
For N ≥ 0, the homology of dN are supposed to be tightly related to the sl(N)
Khovanov-Rozansky homology. Namely, let
HNp,k(K) = ⊕iN+j=pHi,j,k(K).
Conjecture 1.5. ([4]). There exists a homology theory with above properties
such that for all N > 1 the homology of (HN∗ (K), dN ) is isomorphic to the sl(N)
Khovanov-Rozansky homology. For N = 0, (H0∗(K), d0) is isomorphic to the
Heegard-Floer knot homology. The homology of d1 are one-dimensional.
In [30] J. Rasmussen proved a weaker version of this conjecture. Namely, for
all N > 0 he constructed explicit spectral sequences starting from the Khovanov-
Rozansky categorification of HOMFLY polynomial and converging to sl(N) ho-
mology. For the Heegard-Floer homology no relation to the other knot homology
theories is known yet.
We propose a conjectural algebraic construction of vector spaces H(Tn,n+1)
associated with the (n, n + 1) torus knots for n ≤ 4. In order to approach the
Conjecture 1.5, we prove the following
Theorem 1.6. For n ≤ 4 the Euler characteristic of H(n, n+1) coincides with the
HOMFLY polynomial of the (n, n+ 1) torus knot. One can define the differentials
d0, d1 and d2 such that the following properties hold:
1. The homology of H(n, n + 1) with respect to the differential d1 is one-
dimensional.
2. The homology with respect to d2 is isomorphic to the reduced Khovanov
homology of the corresponding knot
3. The homology with respect to d0 is isomorphic to the Heegard-Floer ho-
mology of the corresponding knot.
Two latter statements are based on the tables from [1] and explicit description
of the Heegard-Floer homology of algebraic knots proposed in [23] (see also [15],[9]).
The paper is organized as follows. Section 2 is devoted to the combinatorics of
(q, t)-Catalan numbers and their polynomial ”categorifications”. In Subsection 2.1
we define these numbers and list some of their properties following A. Garsia and M.
Haiman. In Subsection 2.2 we define the bounce statistic introduced by J. Haglund
([11]) and propose a ”slicing” construction dividing a Young diagram into smaller
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”stable” subdiagrams. In the next subsection we associate a Schur polynomial to
a stable Young diagram, and the product of such polynomials for ”stable slices” to
unstable one. This construction associates a symmetric polynomial to a Dyck path
in the n×n square. It turns out that the subspace generated by these polynomials
coincides with the space Ln (defined above), and the gradings of the polynomials
are clearly expressed via the area and bounce statistics. This proves Theorem 1.3.
In Subsection 2.4 we discuss a generalization of this construction applied to the
(q, t)-deformation of Schro¨der numbers defined by J. Haglund.
Section 3 deals with the HOMFLY polynomials of torus knots and its conjec-
tural categorification. Using the formula of V. Jones, we prove that the coefficients
of the HOMFLY polynomial in the power expansion in the variable a can be ex-
pressed via certain products of the q-binomial coefficients. These coefficients are
equal to the generalized Catalan and Schro¨der numbers. Moreover, the categori-
fication procedure introduces one additional parameter t in the picture, so the
resulting coefficients at given powers of a should be some bivariate deformations of
the Catalan and Schro¨der numbers.
Therefore it is quite natural to relate them to the above constructions. Namely,
we identify the space H(Tn,m) corresponding to a torus knot with a certain sub-
space in a free polynomial algebra with even and odd generators. This space is
equipped with the three gradings: two of them are defined on the ring of symmet-
ric functions as above, and the third one equals to the degree in the skew variables.
The differentials of Gukov-Dunfield-Rasmussen are supposed to be realized as cer-
tain differential operators acting on the skew variables. Moreover, we consider the
bigger algebra An,m acting on H(Tn,m). We suppose that for (n, n+1) torus knots
the space H(Tn,n+1) is generated by the volume form and the action of the algebra
An,n+1. The generators of An,n+1 can be naturally labelled by the diagonals of the
(n+ 2)-gon.
In the Subsection 3.2 we also discuss the ”stable limit” of the homology of
(n,m)-torus knots at m → ∞, following [4]. We identify this limit with the free
supercommutative algebra Hn with n− 1 even and n− 1 odd generators, and show
that the grading conditions define some differentials completely. We compare the
resulting constructions and the homology with [1] and [4].
As a byproduct of the above conjectures, we propose an interesting combinato-
rial conjecture on the limit q = 1 in triply graded homology. It is well-known in the
theory of Heegard-Floer homology that there is a spectral sequence starting from
the homology of a given knot and converging to the one-dimensional Heegard-Floer
homology of 3-sphere. This means that for any knot the value of the Poincare´
polynomial for Heegard-Floer homology at q = 1 equals to 1.
For the triply graded theory, the limit of the Poincare´ polynomial at q = 1 is a
polynomial in a and t.
Conjecture 1.7. Consider the n×m rectangle and the diagonal in it. Let Dn,m(k)
denote the set of lattice paths above the diagonal in this rectangle with k marked
external corners. For a path pi ∈ Dn,m(k) let S(pi) denote the area above pi. Let
Qn,m(a, t) =
∑
k
∑
pi∈Dn,m(k)
a2ktk+2S(pi).
Then the polynomial Qn,m coincides with the limit of the Poincare´ polynomial for
reduced triply graded homology of the torus (n,m)-knot at q = 1.
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One can say that the ”homological grading” t is related to the area statistics.
This conjecture seems to be coherent to some concepts in mathematical physics
(e.g. [10]) relating knot homology theories to the geometry of Hilbert schemes and
Donaldson-Thomas invariants.
In [22] A. Oblomkov and V. Shende developed a remarkable algebro-geometric
description of the HOMFLY polynomial for algebraic knots as certain integrals
with respect to the Euler characteristic. They proved their conjectures in full
generality for all torus knots, and the reduction to the Alexander polynomial for
all algebraic knots. We plan to find out the relation between their approach and
the one presented here.
The author is grateful to S. Gusein-Zade, S. Gukov, B. Feigin, S. Loktev, A.
Gorsky, M. Bershtein and especially to M. Gorsky for lots of useful discussions
and remarks. The author also thanks the University of Kumamoto where the
part of the work has been done and personally S. Tanabe for the hospitality. The
research was partially benefited from the support of the ”EADS Foundation Chair
in mathematics”.
The author is grateful to F. Bergeron for pointing that Theorem 1.3 is not true
for n ≥ 5.
2. Bivariate Catalan numbers
2.1. Properties.
Definition 2.1. A Dyck path in the n× n square is a lattice path starting at the
origin (0, 0) and ending at (n, n) consisting of North N(0, 1) and East E(1, 0) steps
which never goes below the line y = x.
The number Cn of Dyck paths in the n× n square equals to the n-th Catalan
number, i. e. Cn =
1
n+1
(
2n
n
)
.
In [7] A. Garsia and M. Haiman introduced a remarkable two-parametric de-
formation of the Catalan numbers.
For a cell x in a Young diagram µ let l(x), a(x), l′(x), a′(x) denote respectively
leg, arm, co-leg and co-arm lengths of x. Let
n(µ) =
∑
x∈µ
l(x), n(µ′) =
∑
x∈µ
a(x).
Definition 2.2. ([7]) We set
(2.1)
Cn(t, q) =
∑
|µ|=n
tn(µ)qn(µ
′)(1 − t)(1− q)(
∏
x∈µ\(0,0)(1− t
l′(x)qa
′(x)))(
∑
x∈µ t
l′(x)qa
′(x))∏
x∈µ(1 − t
1+l(x)q−a(x))(1 − t−l(x)q1+a(x))
Garsia and Haiman observed that Cn(t, q) is a polynomial with the non-negative
integer coefficients ([8]), and Cn(1, 1) equals to the Catalan number cn. The geo-
metric meaning of this bivariate deformation of Catalan numbers is described by
the following theorem of Haiman.
Let Hilbn(C2) be the Hilbert scheme of n points on C2, and let Hilbn(C2, 0)
parametrize 0-dimensional subschemes of length n supported at the origin. Let V
be the tautological n-dimensional bundle over Hilbn(C2).
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Theorem 2.3. ([14]) Consider the diagonal action of the torus (C∗)2 = T on C2
and extend it to Hilbert schemes. Then
Cn(q1, q2) = χ
T (Hilbn(C2, 0),ΛnV ),
where q1 and q2 are equivariant parameters corresponding to the torus action.
As a corollary, Cn(q1, q2) is a symmetric function of the parameters q1 and q2.
Two different specializations of Cn(q1, q2) are known.
We will use the standard notation
[k]q = (1− q
k)/(1− q), [k]q! = [1]q[2]q · · · [k]q,
(
n
k
)
q
= [n]q!/[k]q![n− k]q!.
Proposition 2.4. ([7],[14]) 1. The values Cn(q
−1, q) are related to the deformation
of Catalan numbers based on q-binomial coefficients:
(2.2) q(
n
2)Cn(q
−1, q) =
1
[n+ 1]q
(
2n
n
)
q
.
2. The values Cn(1, q) coincide with the Carlitz-Riordan ([3]) q-deformation of the
Catalan numbers, which are defined by the recursive equation
Cn(q) =
n−1∑
k=0
qkCk(q)Cn−1−k(q), C0(q) = 1.
It is also known (e. g. [11]) that Cn(q) =
∑
pi q
S(pi), where the summation is done
over the set of Dyck paths and S(pi) denotes the area above the path pi.
2.2. Bounce and area statistics.
Definition 2.5. For a Dyck path pi in the n × n square we define two statistics,
following J. Haglund ([11]). First, S(pi) is the area above the path pi.
The second one is called the bounce statistic. Consider a ball starting from
the NE corner (n, n). A ball rolls west until it meets pi, then turns south until it
meets the diagonal, then reflects from the diagonal and moves west etc. It finishes
at the last point (0, 0). During its motion the ball touches the diagonal at points
(j1, j1), (j2, j2), . . .. We define
bounce(pi) = j1 + j2 + . . . .
The ball’s path is called bounce path.
In the below picture the Dyck path is bold and its bounce path is dashed.
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Bounce statistic for a Dyck path and slicing of a Young diagram
(0, 0)
(n, n)
It turns out that the area and bounce statistics (which are defined here in
a slightly different way than in [11]) are related to the (q, t)-deformation of the
Catalan numbers.
Theorem 2.6. ([8],[11]) The polynomial Cn(q1, q2) can be presented as the follow-
ing sum over Dyck paths:
(2.3) Cn(q1, q2) =
∑
pi
(q1)
(n2)−S(pi)(q2)
bounce(pi).
Definition 2.7. Consider a Dyck path pi in the square n× n and the bounce path
for it. Let us continue horisontal bounce lines and cut the Young diagram above
pi along these lines. If bounce points are at j1 > j2 > . . . > jr, then we get r
Young diagrams pi1, pi2, . . . , pir corresponding to proper Dyck paths in the squares
n× n, j1 × j1, . . . , jr × jr. We will refer to the decomposition
pi = pi1 ⊔ . . . ⊔ pir
as to the slicing of a diagram T .
Definition 2.8. A Dyck path pi in the square n× n is stable, if
width(pi) + height(pi) < n.
The following properties of slicing and stable paths follows from the definitions.
Propositions 2.9. 1. A path pi is stable if and only if
bounce(pi) = width(pi).
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2. If pi = pi1 ⊔ . . . ⊔ pir is a slicing of a diagram pi, then slices pii are stable.
Moreover, width(pim) = jm, so
(2.4) bounce(pi) = bounce(pi1) + . . .+ bounce(pir).
We conclude that bounce and area statistics can be reconstructed from the
slicing of the initial path.
2.3. Symmetric polynomials. Let Λ denote the ring of symmetric polyno-
mials in the infinite number of variables. Let ek denote the elementary symmetric
polynomials and let hk denote the complete symmetric polynomials. One can equip
Λ with the pair of gradings - one of them is usual degree, and the second one is the
degree of a symmetric polynomial as a polynomial in variables ek. In other words,
a(eα1 . . . eαr) = α1 + . . .+ αr, b(eα1 . . . eαr) = r.
We also define the sequence of spaces Λ(n, r) ⊂ Λ which are generated by the
monomials with b-grading less than or equal to r and a-grading equal to n.
We are ready to associate a symmetric polynomial from the ring Λ to a Dyck
path pi. For stable diagrams the result will not depend of n, while for unstable ones
it depends on the slicing (and hence on n).
Definition 2.10. Let pi be a stable Young diagram in the square n × n, let pi∗
be its transpose, pi = (µ1, . . . , µs), pi
∗ = (λ1, . . . , λr). We define the corresponding
symmetric polynomial as a Schur polynomial of pi∗.
(2.5) Z(pi) = det(eλi−i+j+1) = det(hµi−i+j+1).
It is clear that
a(Z(pi)) = S(pi), b(Z(pi)) = width(pi) = bounce(pi).
Definition 2.11. Let pi be a Dyck path in the square n × n, pi = pi1 ⊔ . . . ⊔ pir is
its slicing. Then we define
Z(pi) = Z(pi1) · . . . · Z(pir).
From the equation (2.4) it follows that the map Z respects both gradings:
a(Z(pi)) = S(pi), b(Z(pi)) = bounce(pi).
The subtle point is that the polynomials Z(T ) (as well as Schur polynomials)
are homogeneous in the a-grading, but not homogeneous in the b-grading.
Proof of Theorem 1.3. First, let us remark that for a Dyck path pi the
polynomial Z(pi) belongs to the space Ln. Consider the slicing pi = pi1 ⊔ . . . ⊔ pir.
Using the second equation of (2.5), one can represent Z(pij) as a determinant in h
′s
whose size is the number of rows in pij . By the multiplication of such determinants
we get a determinant of a block-diagonal matrix of size n× n. From the definition
of the bounce path one can prove that all monomials in the expansion of this
determinant belong to the space Ln, therefore Z(pi) ∈ Ln.
Second, all polynomials Z(pi) are linearly independent since their h-lex-minimal
terms are different.
Since the dimension of the subspace generated by Z(pi) equals to the Catalan
number, we conclude that Z(pi) form a basis in Ln.
Moreover, one can check that for n ≤ 4 the b-maximal parts of Z(pi) are linearly
independent.
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We conclude that the images of the polynomials Z(pi) form a basis in all quo-
tients [(Ln ∩ Λ(m, r))/(Ln ∩ Λ(m, r − 1))]. Now the statement follows from the
equation (2.3). 
Remark 2.12. For n = 5 this proof fails, since the b-maximal parts of Z(pi) are
no longer linearly independent for different T . Namely, one can check that
Z(4, 2, 2) = h4(h
2
2 − h1h3), Z(3, 2, 2, 1) = (h3h2 − h1h4)h2h1.
Both polynomials have gradings S = 8, b = 6, but their b-maximal parts are pro-
portional to e41(e
2
2 − e1e3).
2.4. Schro¨der numbers.
Definition 2.13. A Schro¨der path is a lattice path starting at the origin (0, 0)
and ending at (n, n) consisting of North N(0, 1), East E(1, 0) and Diagonal D(1, 1)
steps which never goes below the line y = x.
We will denote by Sn,k the number of Schro¨der paths in a square n × n with
exactly k diagonal steps (large Schro¨der number), and by Rn,k the number of such
paths with no D steps on the diagonal y = x (little Schro¨der number). It is well-
known that Rn,k equals to the number of ways to draw n− k − 1 non-intersecting
diagonals in a convex n-gon, that is, to the number of k-dimensional faces of the
associahedron. The combinatorial formula for these numbers looks as ([11],[13])
Sn,k =
(2n− k)!
(n− k + 1)!(n− k)!k!
, Rn,k =
(2n− k)!
n(n+ 1) · k!(n− k)!(n− k − 1)!
.
In [11] (see also [2]) a certain bivariate deformation of Schro¨der numbers was
proposed. To any Schro¨der path pi we associate a Dyck path T (pi) which is nothing
but pi with all D steps thrown away.
Definition 2.14. Let S(pi) be the area above the path pi.
Now we define the bounce statistic. First, consider the Dyck path T (pi) and the
bounce path corresponding to it. Let us call the vertical lines of ball’s motion peak
lines. For a D-type step x ∈ pi let nump(x) denote the number of peak lines to the
east from x. Now let
b(pi) = bounce(T (pi)) +
∑
x
nump(x),
where summation is done over all D-steps x.
Definition 2.15. ([5],[11]) The (q, t)-Schro¨der polynomials are defined as
(2.6) Sn,k(q, t) =
∑
pi
q(
n
2)+
k
2
−S(pi)tb(pi),
where the summation is done over all (n, k)-Schro¨der paths. The definition of
Rn,k(q, t) is analogous.
It is conjectured ([11]) that the polynomials Sn,k(q, t) are symmetric in q and
t. In what follows we will use the following
Proposition 2.16. (Corollary 4.8.1 in [11]) For 0 ≤ k ≤ n
(2.7)
q(
n
2)−(
k
2)Sn,k(q, q
−1) =
1
[n− k + 1]q
(
2n− k
n− k, n− k, k
)
q
=
[2n− k]!q
[n− k + 1]!q[n− k]!q[k]!q
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Remark 2.17. The equation (2.7) can be rewritten as
(2.8)
∑
pi
qS(pi)+b(pi) = q
k2
2
1
[n− k + 1]q
(
2n− k
n− k, n− k, k
)
q
.
We conjecture the following analogue of this identity for little Schro¨der num-
bers.
Conjecture 2.18.
(2.9) q(
n
2)−(
k
2)Rn,k(q, q
−1) =
[2n− k]!q
[n]q[n+ 1]q[n− k − 1]!q[n− k]!q[k]!q
Let us introduce the natural analogue for the Schro¨der paths.
Definition 2.19. Let pi be a Schro¨der path, and T (pi) is a Dyck path defined as
above. Consider a slicing of T (pi), and lift the horisontal cuts of the slicing to the
diagram of pi. Now, take away all horisontal lines ending by D steps. We will
receive a Young diagram sliced analogously to T (pi), which will be called sliced
Young diagram of pi.
We expect the existence some analogue map Z for the Schro¨der diagrams.
Such a map is supposed to take values not in the ring Λ itself, but in its extension
Λ < ξ1, ξ2, . . . >, where ξj are some additional anti-commuting variables. The
gradings S and b are extended to these skew variables by the formula
S(ξj) = j −
1
2
, b(ξj) = 0.
3. Homological knot invariants
3.1. HOMFLY polynomial for torus knots. Let Tn,m be a torus knot of
type (n,m), where n and m are coprime integers, n < m. The explicit expression
for the HOMFLY polynomials P (Tn,m) was found by Jones in [16], we’ll use it in
a slightly rewritten form of [4]:
(3.1)
P (Tn,m) = (aq)
(n−1)(m−1) 1− q
−2
1− q−2n
n−1∑
b=0
q−2mb(
b∏
i=1
a2q2i − 1
q2i − 1
)(
n−1−b∏
j=1
a2 − q2j
1− q2j
).
To compare the knots with different n and m, it is more convenient to get rid of
negative powers and consider the rescaled version of this polynomial, namely
(3.2)
Ps(Tn,m) = (a
−1q)(n−1)(m−1)P (Tn,m) =
1− q2
1− q2n
n−1∑
b=0
q2m(n−1−b)(
b∏
i=1
a2q2i − 1
q2i − 1
)(
n−1−b∏
j=1
a2 − q2j
1− q2j
)
=
1− q2
1− q2n
n−1∑
b=0
q2mb(
n−1−b∏
i=1
a2q2i − 1
q2i − 1
)(
b∏
j=1
a2 − q2j
1− q2j
).
In [4] the expansion of Ps by the powers of a was carefully studied. For example,
the following equation holds (as above, we have n < m):
(3.3) Ps(Tn,m) =
n−1∑
J=0
a2JP Js (Tn,m).
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Theorem 3.1. The following equation for the coefficients P Js holds:
(3.4) P ks (Tn,m) = (−1)
kq2(
k+1
2 )
[m+ n− k − 1]q2 !
[n]q2 [m]q2 [k]q2 ![m− k − 1]q2 ![n− k − 1]q2 !
.
The proof of this identity can be found in the Appendix.
Remark 3.2. It is not clear from (3.2), that the right hand side is symmetric in
m and n although it should be so. The coefficients (3.4) reveal this symmetry.
Corollary 3.3. The terms of top and low degree have the q-binomial presentations:
(3.5)
P (n−1)s (Tn,m) =
(−1)n−1qn(n−1)
[n]q2
(
m− 1
n− 1
)
q2
, P 0s (Tn,m) =
1
[n]q2
(
m+ n− 1
n− 1
)
q2
At the limit q = 1 we get
P (n−1)s (Tn,m)(q = 1) =
(−1)n−1
n
(
m− 1
n− 1
)
, P 0s (Tn,m)(q = 1) =
1
n
(
m+ n− 1
n− 1
)
.
Also an interesting ”blow-up” equation follows from (3.5):
(3.6)
P 0s (Tn,m) = (−1)
n−1q−n(n−1)P (n−1)s (Tn,m+n) = (−1)
m−1q−m(m−1)P (m−1)s (Tm,m+n).
Corollary 3.4. If we focus on the case m = n+ 1, we have
(3.7) P ks (Tn,n+1) = (−1)
kqk(k+1)
1
[n− k]q2
(
n− 1
k
)
q2
(
2n− k
n+ 1
)
q2
.
At the limit q=1 we have
(−1)k−1P ks (Tn,n+1) =
1
n− k
(
n− 1
k
)(
2n− k
n+ 1
)
,
what is equal to the little Schro¨der number Rn,k. At the lowest level k = 0 we get
the n-th Catalan number.
Definition 3.5. We call a Dyck path marked if some of its external corners are
marked.
Theorem 3.6. The number of marked Dyck paths in the rectangle m × n with k
marks equals to
(m+ n− k − 1)!
m · n · (n− k − 1)!(m− k − 1)!k!
.
Proof. Follows from the Lemmas 4.2 and 4.3 from the Appendix. 
Corollary 3.7. The coefficient P ks (Tn,m) of the HOMFLY polynomial for (n,m)
torus knot is a certain q-deformation of the number of marked Dyck paths in the
rectangle n×m with k marks.
The Corollary 3.7 means that the coefficients at a2k in the Poincare´ polynomial
of the Gukov-Dunfield-Rasmussen homology of the (n,m)-torus knot should be
certain (q, t)-deformations of the above combinatorial data. For example, we know
that P 2ks (Tn,n+1) is a q-deformation of the Schro¨der number Rn,k, and it is natural
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to assume that P2ks (Tn,n+1) is related to the (q, t)-deformation of this number. By
(2.9) we have
q2(
n
2)−2(
k
2)Rn,k(q
2, q−2) =
[2n− k]!q2
[n]q2 [n+ 1]q2 [n− k − 1]!q2 [n− k]!q2 [k]!q2
,
q2(
n
2)Rn,k(q
2, q−2) = (−1)kq−2kP 2ks (Tn,n+1) = q
−2kP2ks (Tn,n+1)(q,−1),
what motivates the following
Conjecture 3.8. The following equation holds:
(3.8)
P2ks (Tn,n+1)(q, t) = q
2(n2)+2kt2(
n
2)+3kRn,k(q
−2t−2, q2) = qkt2k
∑
pi
q2(S(pi)+b(pi))t2S(pi),
where summation in the right hand side is done over all (n, k)-Schro¨der paths with
no D steps on the diagonal.
Corollary 3.9. The following equation holds:
(3.9) P0s (Tn,n+1)(q, t) = q
2(n2)t2(
n
2)Cn(q
−2t−2, q2) =
∑
pi
q2(S(pi)+b(pi))t2S(pi),
where summation in the right hand side is done over all Dyck paths in n×n square.
Since (q, t)-Schro¨der number are supposed to be symmetric in q and t, one
can check the symmetry property for P which agrees with the properties of the
involution φ from Conjecture 1.5.
The following equation is a corollary of (3.9):
P2ks (Tn,n+1)(1, t) = t
2k
∑
pi
t2S(pi),
where summation is over all (n, k)-Schro¨der paths with no D steps on the diago-
nal and S(pi) denotes the area above the path. We generalize this remark to the
following
Conjecture 3.10. The following equation holds:
(3.10) P2ks (Tn,m)(1, t) = t
k
∑
pi
t2S(pi),
where summation is over all marked Dyck paths in the m × n rectangle with k
marks.
3.2. Stable limit. The right hand side of (3.2) in the limit m→∞ tends to
Ps(Tn) = lim
m→∞
Ps(Tn,m) =
n−1∏
k=1
(1− a2q2k)
(1− q2k+2)
.
It is natural to consider the behaviour of the Gukov-Dunfield-Rasmussen ho-
mology in this limit too. Following the discussions in Section 6 of [4], we conjecture
that the limit homology H(Tn) = limm→∞H(Tn,m) is a free polynomial algebra
with n− 1 even generators with gradings (0, 2k + 2, 2k) and n− 1 odd generators
with gradings (2, 2k, 2k + 1), and therefore
Ps(Tn) =
n−1∏
k=1
(1 + a2q2kt2k+1)
(1− q2k+2t2k)
.
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We denote the odd generators by ξ1, . . . , ξn−1, and even generators by e1, . . . , en−1.
The notation for even generators is motivated by the above constructions related
with (q, t)-Catalan numbers. To be more precise, we identify ek with the k-th
elementary symmetric polynomial, and the even part of H(Tn) with the ring of
symmetric polynomials in n− 1 variables. Recall that we had two natural gradings
on this ring defined by the equations
S(ek) = k, b(ek) = 1.
Therefore the triple grading on the even part equals to (0, 2(S + b), 2b).
Let us construct the action of the differentials on H(Tn). The differentials
send ξk to some polynomials in em, and they are extended to the whole algebra
by the Leibnitz rule. Taking into account the gradings, one can uniquely guess the
equations
d−n(ξk) = δk,n, d0(ξk) = ek−1, d1(ξk) = ek.
Let us compute the homology of H(Tn) with respect to differentials dN . From
the properties of the Koszul complex one can deduce the following
Propositions 3.11. 1. The complexes (H(Tn), d−N ) are acyclic.
2. The homology of (H(Tn), d0) is the polynomial algebra generated by ξ1 and
en−1.
3. The homology of (H(Tn), d1) is one-dimensional and generated by 1.
The construction of the higher differentials is less restricted by the grading,
however for small degrees one has no choice but to define
d2(ξ2) = e
2
1, d2(ξ3) = e1e2, d3(ξ3) = e
3
1.
Example 3.12. The homology of (H(T3), d2) is generated by ξ1, e2 and e1 modulo
relation e21 = 0 since d2(ξ2) = e
2
1. These generators have gradings (2, 2, 3), (0, 6, 4)
and (0, 4, 2), so the Poincare´ polynomial for these homology equals to
(1 + q4t2)(1 + a2q2t3)
(1− q6t4)
.
Example 3.13. The homology of (H(T4), d2) is generated by the elements ξ1, e2, e3, e1
and µ = e1ξ3 − e2ξ2 modulo relation e
2
1 = 0, e1e2 = 0, e1µ = 0, so it is isomorphic
to
H(H(T4), d2) = C[ξ1, e3]⊗ (< e1 > ⊕C[µ, e2]).
The Poincare´ polynomial for this homology equals to
(1 + a2q2t3)
(1− q8t6)
[q4t2 +
1 + a2q10t9
1− q6t4
]
.
One can compare these answers with [4].
3.3. (2, k) and (3, k) torus knots. For the torus knots with the small number
of strands (2 or 3) it is possible to give a clear algebraic description of the structure
predicted in [4]: the triply graded homology and surviving differentials d0, d±1, d±2.
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Conjecture 3.14. The triply graded homology for the (n, k) torus knot for n ≤ 3
can be realized as a subspace inH(Tn). This subspace generated by its top level and
the action of the differentials. The top level subspace is generated by the following
monomials:
ei1ξ1, 2i ≤ k − 3 for n = 2,
ei1e
j
2ξ1ξ2, i+ 3j ≤ k − 4 for n = 3.
Example 3.15. The homology of the trefoil knot T2,3 is generated over d±1 by
one element ξ1. The differentials act as d−1(ξ1) = 1 and d1(ξ1) = e1.
Example 3.16. The homology of the trefoil knot T3,4 is generated over the dif-
ferentials d0, d±1, d±2 by one element ξ1ξ2. This homology is presented in [4] by a
diagram with three levels. On the level 2 we have one element ξ1ξ2. On the level 1
we have
d−2(ξ1ξ2) = ξ1, d−1(ξ1ξ2) = ξ2, d0(ξ1ξ2) = e1ξ1, d1(ξ1ξ2) = e1ξ2−e2ξ1, d2(ξ1ξ2) = e
2
1ξ1,
and on the level 0 we have
d−1(ξ1) = d−2(ξ2) = 1,
d1(ξ1) = d0(ξ2) = d−1(e1ξ1) = d−2(e1ξ2 − e2ξ1) = e1;
d1(ξ2) = −d−1(e1ξ2 − e2ξ1) = e2
d2(ξ2) = d1(e1ξ1) = d0(e1ξ2 − e2ξ1) = d−1(e
2
1ξ1) = e
2
1,
d2(e1ξ2 − e2ξ1) = d1(e
2
1ξ1) = e
3
1.
These equations represent exactly the dot diagram for the homology of T3,4 pre-
sented in [4]:
ξ1ξ2
ξ1 ξ2 e1ξ1 e1ξ2 − e2ξ1 e
2
1ξ1
1 e1 e2 e
2
1 e
3
1
✟✟✟✟✟✙
✘✘✘✘✘✘✘✘✘✘✘✘✘✾
❍❍❍❍❍❥
❳❳❳❳❳❳❳❳❳❳❳❳❳③❄
❄
❍❍❍❍❍❥
✟✟✟✟✟✙
❍❍❍❍❍❥
❳❳❳❳❳❳❳❳❳❳❳❳❳③❄
✟✟✟✟✟✙
❍❍❍❍❍❥
✟✟✟✟✟✙
✘✘✘✘✘✘✘✘✘✘✘✘✘✾
❍❍❍❍❍❥❄
✟✟✟✟✟✙ ❄
Theorem 3.17. Under the assumptions of the Conjecture 3.14 the Poincare´ poly-
nomial for the triply-graded homology has a form:
(3.11) P2,2k+1 =
k∑
i=0
q4it2i + a2
k−1∑
i=0
q4i+2t2i+3,
(3.12)
P3,k = 1+
∑
0<i+3j≤k−1
q4i+6jt2i+4j(1+a2q−2t)+a4q6t8
∑
i+3j≤k−4
q4i+6jt2i+4j(1+a−2q2t−1).
Remark 3.18. The polynomials (3.11) and (3.12) coincide with the ones conjec-
tured in [4].
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Proof. As a vector space, the homology of T2,2k+1 is generated by
1, e1, e
2
1 . . . e
k
1 on lower level,
ξ1, e1ξ1, e
2
1ξ1 . . . e
k−1
1 ξ1 on top level.
This implies the equation (3.11).
By Conjecture 3.14, we know the structure of H(3, k) as a vector space at the
level 2. Let us describe it on levels 1 and 0. Remark that H(3, k) is generated by its
top level, and the differentials commute with the multiplication by even variables,
so the levels in H(3, k) are just the products of the top level even monomials with
the corresponding levels of H(3, 4).
Therefore on the lower level we get
< 1, e1, e
2
1, e
3
1, e2 > ⊗ < e
i
1e
j
2|i+ 3j ≤ k − 4 >=< e
i
1e
j
2|3i+ j ≤ k − 1 > .
It rests to know that the homology of d1 is one-dimensional and generated by 1, so
we can compute the homology at level 1 as well.

Corollary 3.19. The reduced sl(2) homology of (2, n) torus knot coincides with
the triply-graded homology as d2 = 0.
Corollary 3.20. The reduced sl(2) homology of (3, n) torus knot is spanned by
the monomials
(3.13) 1, ei2, e1e
j
2, e
j
2ξ1, e1e
i−1
2 ξ1
with 0 < 3i ≤ n− 1, 3j ≤ n− 2.
Proof. Since d2(ξ1) = 0, d2(ξ2) = e
2
1, to compute the homology of H(T3,n)
with respect to d2 one should throw away from H(T3,n) all monomials divisible by
ξ2 and e
2
1. Therefore it is spanned by the monomials of the form (3.13) belonging
to H(T3,n). 
One can compare these results with [1].
Example 3.21. The reduced sl(2) homology of (3, 4) torus knot is spanned by the
monomials 1, e1, e2, ξ1, e1ξ1, what gives the following Poincare polynomial:
P2(T3,4) = 1 + q
4t2 + q6t4 + q6t3 + q10t5.
3.4. (4, 5) knot. Following the above description of the triply graded homol-
ogy for (2, n) and (3, n) torus knots, it is natural to assume that the homology of
a torus knot is generated by its top level under the action of some algebra.
Conjecture 3.22. There exists a sequence of algebras An,m together with their
representations in the stable homology space H(Tn,m) satisfying the following con-
ditions:
1) The action of An,m commutes with the multiplication by the polynomials in
e1, . . . en
2) For every k (|k| < n) the differential dk belongs to An,m
3) The space H(Tn,m) is generated by its top level under the action of An,m.
4) The top level of homology for (m,m + n) torus knot coincides with the
zero level of the homology of (m,n) torus knot multiplied by the ”volume form”
ξ1ξ2 . . . ξm−1 (compare with (3.6)).
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For (2, n) and (3, n) knots the corresponding algebras are supposed to be gen-
erated by the differentials d0, d±1, d±2. Unfortunately, for bigger knots this is not
true: for example, Hn,n+1 has dimension 1 on the top level, so it is supposed to be
generated by the ”volume form” ξ1ξ2 . . . ξn−1. On the level (n−2) it has dimension
R(n, n− 2) = (n+2)(n− 1)/2 that is greater than the number (2n− 1) of available
differentials.
For example, for n = 4 we have R(4, 2) = 9 and 7 differentials at our disposal.
Nevertheless, by grading reasons one can uniquely guess the algebraic description
of the differentials as well as two missing operators. Presuming the action of dif-
ferentials on ξ1 and ξ2 being the same as above, one can extend it to ξ3 by the
formula
d−1(ξ3) = d−2(ξ3) = 0, d−3(ξ3) = 1,
d0(ξ3) = e2, d1(ξ3) = e3, d2(ξ3) = e1e2, d3(ξ3) = e
3
1.
The two missing operators are
α1 = e
−1
1 d3, α2 = e
−2
1 d3.
Suppose that the space H(T4,5) is generated by the ”volume form” ξ1ξ2ξ3 under the
action of the differentials and the operators α1 and α2. Let us describe the basis
on each level in this space and indicate the gradings of the basis elements. For each
basis element we also indicate the element in A4,5 producing it from ξ1ξ2ξ3.
Level Basis element Element of A4,5 (a, q, t)
3 ξ1ξ2ξ3 1 (6, 12, 15)
2 ξ1ξ2 d−3 (4, 6, 8)
2 ξ1ξ3 d−2 (4, 8, 10)
2 ξ2ξ3 d−1 (4, 10, 12)
2 e1ξ1ξ2 α2 (4, 10, 10)
2 e1ξ1ξ3 − e2ξ1ξ2 d0 (4, 12, 12)
2 e1ξ2ξ3 − e2ξ1ξ3 + e3ξ1ξ2 d1 (4, 14, 14)
2 e21ξ1ξ2 α1 (4, 14, 12)
2 e21ξ1ξ3 − e1e2ξ1ξ2 d2 (4, 16, 14)
2 e31ξ1ξ2 d3 (4, 18, 14)
1 ξ1 d−2d−3 (2, 2, 3)
1 ξ2 d−1d−3 (2, 4, 5)
1 ξ3 d−1d−2 (2, 6, 7)
1 e1ξ1 d0d−3 (2, 6, 5)
1 e1ξ2 − e2ξ1 d1d−3 (2, 8, 7)
1 e1ξ3 − e3ξ1 d1d−2 (2, 10, 9)
1 e1ξ3 − e2ξ2 d0d−1 (2, 10, 9)
1 e21ξ1 d2d−3 (2, 10, 7)
1 e31ξ1 d2α2 (2, 14, 9)
1 e41ξ1 d2α1 (2, 18, 11)
1 e51ξ1 d2d3 (2, 22, 13)
1 e1ξ2 d−1α2 (2, 8, 7)
1 e21ξ2 d−1α1 (2, 12, 9)
1 e31ξ2 d−1d3 (2, 16, 11)
1 e21ξ2 − e1e2ξ1 d1α2 (2, 12, 9)
1 e31ξ2 − e
2
1e2ξ1 d1α1 (2, 16, 11)
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Level Basis element Element of A4,5 (a, q, t)
1 e21ξ3 − e1e2ξ2 d2d−1 (2, 14, 11)
1 e2ξ3 − e3ξ2 d1d−1 (2, 12, 11)
1 e41ξ2 − e
3
1e2ξ1 d1d3 (2, 20, 13)
1 (e22 − e1e3)ξ1 − e1e2ξ2 + e
2
1ξ3 d1d0 (2, 14, 11)
1 (e1e
2
2 − e
2
1e3)ξ1 − e
2
1e2ξ2 + e
3
1ξ3 d1d2 (2, 18, 13)
0 1 d−1d−2d−3 (0, 0, 0)
0 e1 d1d−2d−3 (0, 4, 2)
0 e2 d1d−1d−3 (0, 6, 4)
0 e3 d1d−1d−2 (0, 8, 6)
0 e21 d1d0d−3 (0, 8, 4)
0 e31 d1d2d−3 (0, 12, 6)
0 e41 d1d2α2 (0, 16, 8)
0 e51 d1d2α1 (0, 20, 10)
0 e61 d1d2d3 (0, 24, 12)
0 e1e2 d1d−1α2 (0, 10, 6)
0 e1e3 − e
2
2 d1d0d−1 (0, 12, 8)
0 e21e3 − e1e
2
2 d1d2d−1 (0, 16, 10)
0 e21e2 d1d−1α1 (0, 14, 8)
0 e31e2 d1d−1d3 (0, 18, 10)
Remark 3.23. The homology of d1 is one-dimensional and spanned by 1.
Remark 3.24. The homology of d2 is spanned by
1, e1, ξ1, e2, e1ξ1, e3, e2ξ1, e1e3 − e
2
2, e1ξ3 − e2ξ2,
what agrees with the generating function for the reduced Khovanov homology of
T4,5 (compare with [1]):
P2(T4,5) = 1 + q
4t2 + q6t3 + q6t4 + q10t5 + q8t6 + q12t7 + q12t8 + q14t9.
Remark 3.25. At the lower level of the triply-graded homology, we get the space
L4. In particular, this space has no monomial baisis.
4. Appendix
The following lemma is a well known q-analogue of the binomial identity.
Lemma 4.1.
(4.1) (1 + z)(1 + qz) · . . . · (1 + qn−1z) =
n∑
j=0
(
n
j
)
q
q(
j
2)zj.
Proof. Induction by n. 
Proof of the Theorem 3.1 First, by (4.1), we have
n−1−b∏
i=1
(1− a2q2i) =
n−1−b∑
i=0
(−1)ia2iq2(
i+1
2 )
(
n− 1− b
i
)
q2
,
b∏
j=1
(a2 − q2j) =
b∑
j=0
(−1)b−ja2jq2(
b−j+1
2 )
(
b
j
)
q2
.
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If we multiply these expressions and take the coefficient at a2k, we get
n−1−b∑
i=k−b
(−1)b−kq2(
i+1
2 )+2(
b−k+i+1
2 )
(
n− 1− b
i
)
q2
(
b
k − i
)
q2
.
Therefore
P 2ks (Tn,m) =
1
[n]q2
n−1∑
b=0
q2mb
n−1−b∑
i=k−b
(−1)b−kq2(
i+1
2 )+2(
b−k+i+1
2 )×
[b]q2 ![n− 1− b]q2 !
[i]q2 ![n− 1− b− i]q2 ![k − i]q2 ![b− k + i]q2 !
(1− q2)n−1
[b]q2 ![n− 1− b]q2 !
=
(1− q2)n−1
[n]q2
k∑
i=0
(−1)iq2m(k−i) · q2(
i+1
2 )[k]q2 !
[n− 1− k]q2 ![k]q2 ![i]q2 ![k − i]q2 !
×
n−1−i∑
b=k−i
(−1)b−k+iq2m(b−k+i)q2(
b−k+i+1
2 )
[n− 1− k]q2 !
[n− 1− b− i]q2 ![b− k + i]q2 !
.
Now by (4.1) we simplify the inner sum, denoting l = b− k + i:
n−1−k∑
l=0
(−1)lq2mlq2(
l+1
2 )
(
n− 1− k
l
)
q2
= (1−q2m+2)(1−q2m+4)·. . .·(1−q2m+2n−2−2k) =
(1 − q2)n−1−k
[m+ n− 1− k]q2 !
[m]q2 !
,
And this sum does not depend on i. Analogously we have
k∑
i=0
(−1)iq2(
i+1
2 )q2m(k−i)
(
k
i
)
q2
= (q2m − q2) · . . . · (q2m − q2k) =
(−1)k(1− q2)kq2(
k+1
2 )
[m− 1]q2 !
[m− k − 1]q2 !
.
Finally,
P 2ks (Tn,m) = (−1)
kq2(
k+1
2 )
[m− 1]q2 ![m+ n− 1− k]q2 !
[n]q2 [m]q2 ![m− k − 1]q2 ![n− 1− k]q2 ![k]q2 !
.

To what follows we will need the the following sequence of ”generalized Narayana
numbers” (for given n,m):
Nk =
(m− 1)!(n− 1)!
k!(k + 1)!(m− k − 1)!(n− k − 1)!
=
1
k + 1
(
m− 1
k
)(
n− 1
k
)
.
Lemma 4.2. Nk equals to the number of Dyck paths in m × n rectangle with k
external corners.
Proof. First, let us remark that
(
m−1
k
)(
n−1
k
)
equals to the number of lattice
paths in the m × n rectangle with k external corners. Given a such path, let us
continue it periodically to get an infinite path. This construction maps exactly k+1
different paths (we have k + 1 corners, as we have a corner at the starting point)
into one. On the other hand, exactly one of them is totally above the diagonal
- it corresponds to the set of corners with the lowest value of the linear function
my − nx. 
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Lemma 4.3.
n−1∑
l=k
(
l
k
)
Nl =
(m+ n− k − 1)!
m · n · (n− k − 1)!(m− k − 1)!k!
.
Proof. Remark that
Nl =
k!(k + 1)!(m− k − 1)!(n− k − 1)!
l!(l + 1)!(m− l − 1)!(n− l − 1)!
Nk,
so (
l
k
)
Nl =
(k + 1)!(m− k − 1)!(n− k − 1)!
(l − k)!(l + 1)!(m− l − 1)!(n− l − 1)!
Nk =
(
m− k − 1
l− k
)(
n
n− l− 1
)(
n
n− k − 1
)−1
Nk.
Now we have
n−1∑
l=k
(
m− k − 1
l − k
)(
n
n− l − 1
)
=
(
m+ n− k − 1
n− k − 1
)
,
so
n−1∑
l=k
(
l
k
)
Nl =
(
m+ n− k − 1
n− k − 1
)(
n
n− k − 1
)−1
Nk =
(m+ n− k − 1)!(k + 1)!
m!n!
Nk.

References
[1] D. Bar-Natan, S. Morrisson. The Knot Atlas. http://katlas.org
[2] M. B. Can. Nested Hilbert schemes and the nested q, t-Catalan series. 20th Annual Inter-
national Conference on Formal Power Series and Algebraic Combinatorics (FPSAC 2008),
61–69, Discrete Math. Theor. Comput. Sci. Proc.
[3] L. Carlitz, J. Riordan. Two element lattice permutation numbers and their q-generalization.
Duke Math. J. 31 (1964), 371–388.
[4] N. Dunfield, S. Gukov, J. Rasmussen.The Superpolynomial for Knot Homologies. Experimen-
tal Math. 15 (2006), 129–159
[5] E. Egge, J. Haglund, K. Killpatrick, and D. Kremer, A Schro¨der generalization of Haglund’s
statistic on Catalan paths, Electron. J. Combin. 10 (2003), Research Paper 16, 21 pp. (elec-
tronic).
[6] J. Hoste, A. Ocneanu, K. Millett, P. Freyd, W. B. R. Lickorish, D. Yetter. A New Polynomial
Invariant of Knots and Links. Bulletin of the American Mathematical Society 12 (1985),
239–246.
[7] A. M. Garsia, M. Haiman. A remarkable q, t-Catalan sequence and q-Lagrange inversion. J.
Algebraic Combin. 5 (1996), no. 3, 191–244.
[8] A. Garsia, J. Haglund. A proof of the q, t–Catalan positivity conjecture. Discrete Math. 256
(2002), no. 3, 677–717.
[9] E. Gorsky. Combinatorial computation of the motivic Poincare´ series. Journal of Singularities
3 (2011), 48–82.
[10] S. Gukov, A. Iqbal, C. Kozcaz, C. Vafa. Link homologies and the refined topological vertex.
Comm. Math. Phys. 298 (2010), no. 3, 757–785.
[11] J. Haglund. The q, t-Catalan Numbers and the Space of Diagonal Harmonics with an Ap-
pendix on the Combinatorics of Macdonald Polynomials. AMS University Lecture Series,
Vol.41.
[12] J. Haglund. Conjectured statistics for the q, t–Catalan numbers. Adv. Math. 175 (2003), no.
2, 319–334.
[13] J. Haglund. A proof of the q, t–Schro¨der conjecture. Int. Math. Res. Not. 2004, no. 11, 525–
560.
20 E. GORSKY
[14] M. Haiman. t, q-Catalan numbers and the Hilbert scheme. Discrete Math. 193 (1998), 201–
224.
[15] M. Hedden. On knot Floer homology and cabling II. Int. Math. Res. Not. IMRN 2009, no.
12, 2248–2274.
[16] V. Jones. Hecke algebra representations of braid groups and link polynomials. Ann. of Math.
126 (1987), no.2, 335–388.
[17] M. Khovanov. A categorification of the Jones polynomial. Duke Math. J. 101 (2000), no. 3,
359–426
[18] M. Khovanov. Triply-graded link homology and Hochschild homology of Soergel bimodules.
Int. Journal of Math. 18 (2007), no. 8 869–885.
[19] M. Khovanov, L. Rozansky. Matrix factorizations and link homology I. Fund. Math. 199
(2008), no. 1, 1–91.
[20] M. Khovanov, L. Rozansky. Matrix factorizations and link homology II. Geom. Topol. 12
(2008), no. 3, 1387–1425.
[21] I. G. Macdonald. Symmetric functions and Hall polynomials. Oxford University Press, 1995.
[22] A. Oblomkov, V. Shende. The Hilbert scheme of a plane curve singularity and the HOMFLY
polynomial of its link. arXiv:1003.1568
[23] P. Ozsva´th, Z. Szabo´. Holomorphic discs and knot invariants. Adv. Math., 186 2004, no.1,
58–116.
[24] P. Ozsva´th, Z. Szabo´.Holomorphic disks, link invariants and the multi-variable Alexander
polynomial. Algebr. Geom. Topol. 8 (2008), no. 2, 615–692.
[25] P. Ozsva´th, Z. Szabo´. Holomorphic discs and topological invariants for closed three-manifolds.
Ann. of Math. (2). 159 (2004), no. 3, 1027–1158.
[26] P. Ozsva´th, Z. Szabo´. On the Floer homology of plumbed three-manifolds. Geometry and
Topology, 7 (2003), 185–224.
[27] P. Ozsva´th, Z. Szabo´. On knot Floer homology and lens space surgeries. Topology 44 (2005),
no. 6, 1281–1300.
[28] J. Przytycki, P. Traczyk, Conway algebras and skein equivalence of links. Proc. Amer. Math.
Soc. 100 (1987) 744–748.
[29] J. Rasmussen. Knot polynomials and knot homologies, in Geometry and Topology of Mani-
folds, Boden et. al. eds., Fields Institute Communications 47 (2005), 261–280.
[30] J. Rasmussen. Some differentials on Khovanov-Rozansky homology. arXiv: math.GT/0607544
[31] R. P. Stanley. Enumerative Combinatorics. Vol. 2, Cambridge Studies in Advanced Mathe-
matics, vol. 62, Cambridge University Press, Cambridge, 1999.
Department of Mathematics, Stony Brook University, Stony Brook, New York
11794
E-mail address: egorsky@math.sunysb.edu
